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ABSTRACT 

Let G = (V, E") be a graph. A set D £ V is called a dominating set if every vertex in V — D is adjacent to at 
least one vertex in D. The domination number y (G) of G is the minimum cardinality of a minimal dominating set. A 
subset D d of K[t(G)] is a double dominating set of L(fi] if for every vertex V E 7[t(G)], |jV[l?] fl D d \ > 2, that 
is V is in D d and has at least one neighbour in D d or V is in K[L(G5] — D d and has at least two neighbours in D . The 
line double domination number Yddl (G) is the minimum cardinality among all line double dominating sets of £(G). In 
this paper many bounds on (G^ were obtained in terms of vertices, edges and other different parameters of G, but not 
the elements of £(G)j further we develop its relationship with other different domination parameters. 
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1. INTRODUCTION 

All graphs under consideration are finite undirected and loop-less without multiple edges. Let G = ( V r E~) be a 
graph with vertex set V and edge set E. As usual p = |V| and q = \E\ denote the number of vertices and edges of a 
graph G respectively. In general we use < X > to denote the sub-graph induced by the set of vertices X and N (l?) 
and N [f] denote the open and closed neighbourhood of a vertex V, respectively. The minimum (maximum) degree among 
the vertices of G is denoted by(J(G^I £A(G)^). A vertex of degree one is called an end vertex. Also j5 ( j(G)(j9 1 (G)) is the 
minimum number of vertices (edges) in a maximal independent set of vertex (edge) of G. jtf^O tx < Ifiili i s tne minimum 
n for which G has an Ti- vertices (it-edges) colourings. A line graph L(G~) is the graph whose vertices correspond to the 
edges of G and two vertices in £(G) are adjacent if and only if the corresponding edges in G are adjacent. We begin with 
some standard definitions from domination theory. Let G = (V r E") be a graph. A set £? of vertices in a graph G is called 
a dominating set of G if every vertex in V — D is adjacent to some vertex in D. The domination number of G r denote by 
Y{G~y is the minimum cardinality of a dominating set. A set D subset of V r [t(G)] is said to be a dominating set of £(G), 
if very vertex not in D is adjacent to a vertex in D of £(G). The domination number of £(G} is denoted by yftfG)] is 
the minimum cardinality of a dominating set. A set D d subset of K[L(G)] is called a double dominating set of a £(G) if 
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every vertex in F[Z/(G}] is dominated by at least two vertices in 5. Or a subset D ri of V [1(C)] is a double dominating 
set of £(G) if for every vertex l? £ V[L(G)],|A/[t>] nD d | > 2, that is V is in D d and has at least one neighbour in 
D d or V is in K[L(G)] — D d has at least two neighbours in [} d and is denoted by l*^; (G). In this paper, many bounds 
on Yjdi (G) were obtained in terms of vertices, edges of G but not the member of £(G) Also we establish line double 
domination of a line graph and express the results with other different domination parameters of G . 

We need the following Theorem to prove our further results. 

Theorem A[l]: Let G be a graph with diam(G') = 2 theny t (G) < S(G) + 1. 

Theorem ff[4]: If Gis a graph without isolated vertices and p > 3 then y ss (G) — Ct tJ (C'), 

Theorem C[4]: A non split dominating set D of G is minimal if and only if for each vertex t? E £? there exist a 
vertex u G V — D such that N(u) Ci D = [v). 

Theorem D[2]; For any connected (p,q) graph G, jff(G) < A(G) + 1. 

Theorem £[3]: For any connected (p, (j) graph G, 

Observation 1: For any connected (p, [j) graph G, p— (G) > 1. 

2. Upper Bound for Yddli**) ■ 

We shall establish the upper bound for f^; (G~) in terms of the vertices of G. 

Theorem l:For any connected (p F C[) graph G, Y^dliP'} — P ~ !■ Equality holds for P a ,C a ,C 4 , C 5 . 

Proof: Suppose D d is a double dominating set of ^(G^I Then by definition of double 
domination, |V[L(G)]| > 2.Further by observation, p — J 1 ^; (G) > 1. Clearly it follows that Yd<ii{ G ') ^ P — 1 ' 
Suppose G is isomorphic to P a ,C 3 , C 4 ,C & . Then in this case | D d | = p — 1, 

In Theorem 2, the upper bound for (G)l shall be expressed in terms of y (G) and vertices of G. 

Theorem 2: For any connected (p, q) graph G,y dd ; (G) + efiom (G) < p + y(G). 

Proof: Let J = { e^ej, e 3r e n } subset of E(G~) be the minimal set of edges which constitutes the longest 
path between any two distinct vertices u, v £ ^(G^ such that <dist(lt r l?) = diam r {G'}. Furthermore 
let D = {l? 1 ,V 2J ...,vJbe any minimal dominating set of G and let E — @2' ••• ' & n } ^ e tne set °f edges of G. 
Now by definition of L{C"), E(G") = F[£»(G)],Let [} d = {u^U^, U k ) be the double dominating set of t(G) 
such that |JV [it] fl £? d | > 2V It E V r [L(G)] - D d . It follows that \D d | U dist(u, V) < p U |£?| and hence 

rstfi ( G > + diflm(G) < p + Kg). 
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Theorem3:For any connected {p,q) graph G r y ddl (G) < q. 

Proof: Suppose H = [zt lr u 2 , ... be the subset of V[Z/(G)] and deg(tt s ), Vit ; € ff has at least two. 
Then Dj is subset of ff form a minimal dominating set of L (G). Further if I = {u^linr ■■ ■ ? u -m } be the set all end 
vertices in L(C)then I\J H t =D* where H ± Q H form a double dominating set of £*(G) such that 
|JV[tt] nD d |> 2V«G7[i(C)]-D (i . Since V[l(C)] = E(C) = q, it follows that < q. Hence 

Yidi (.0 < q. 

Theorem4: For any connected (p, q) graph G r y ddl (G) + y < p + 2. 

Proof : Let D be the minimal dominating set of G. Now in t(G) J if/ r = {xt 1 ,Xt 2J ....,lt )t }be the set of all end 
vertices in £(G) Then F \J H = D d , where H = t r [L(G)] — F forms a double dominating set of £(G), such that 
| N [li] flD i | > 2 V li € F [t(G)] — D d Since each vertex in £(G) coiTesponds to the edges of G and each edge in 
G is incident to two vertices of G, it follows that ID^I U |D| <J3 + 2. Hence y ddl (G) 4 y[L(G)] < p + 2. 

Theorem-E>:For any connected (p, q) graph G r y ddl (G) < p. 

Proof: Let D be any minimal dominating set of G. Further let E = [e^e^r S^} be the set of all edges 
which are incident to the vertices of G. Now by definition of line graph, V[Z/(G]}] = E(js). Suppose 
/ = {tt lr ... , lij } be the set of all end vertices in L (C ), then / U H = D where £i 

Subset of F r forms a double dominating set of L(G) such that \N[u] fi D d | > 2 V tt G K[Z/(G)J - D d . 
Clearly |D d | = \l\3H\ < p. It follows that ^ (G) < p. 

Theorem 6: For any connected (p, fl) graph G,)^ (G) 4 x(G) < p + A(G), 

Proof: By Theoreml and by Theorem D, clearly it follows \h&ty ddl (G) + jt(G) < p 4 1 A(G} 



Theorem 7: For any connected (p, (j) graph G,y ddl (G) + f (G) < p ■+ 



Equality holds forCj 



Proof : Let B — ^V lr V 2r ... ,!?(,] be the minimum set of vertices which covers all the edges of G such that 
\B\ = fl! 0 . Further 0 be a y-set of G. Let E = [s^, } be the set of all edges of C • 

Now by definition of line graph L{G\E{G~) — K[£.(G)], Suppose f — {lt lr k } be the set of all end 

vertices in £(G),then \[ U H\ — D d where H ^=E, forms a double dominating set of £(G) such that 
|JV[«] fiD d \> 2 VuE V[L(G)]- D d . It follows that 2{|ff U/| U |£?|}~ \B\ <2p and hence 
y ddi (G) -|- y(G) < p + -^-j. Suppose G is isomorphic to C 4 Then in this case, |£?| = 2 and «(}{G) = 2 = ffi(G) 

Clearly. r£jdi (G)+ r (G)<p-r[^]. 
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Theorem 8: For any connected (p, q) graph C y ddl (C) < Y 2 (C) + (G) 
Proof: By Theorem 12 and Theorem 13 the result follows. 
3. Lower Bound for Ymft) ■ 

Theorem 9: For any connected (p, q) graph G, -7— < Yddi C^) 1 



Proof: Let D = [v lr l? 2 , ... r 1?^ Jbe any minimal dominating set of G and let F = [e^, j } be the set of 

edges which are incident with the vertices of G. Now by the definition of £(G), 

F != F[£/(G)], Clearly = [it^ttj, .,, , It^) — F in £ (G) forms the double dominating set of L(C) such that 
\N[u] nD d \ > 2Vu G F[£.(G)] - £? d . Further, suppose C = Vg, ... ,V n } = be the set of all non end 

vertices in G, then there exists at least one vertex V of maximum degree 



A(G)in C, such that I £3*1. A (G) > p. It follows that^, (G) > l"-^-] 



Theorem 10: If every non end vertices of a tree is adjacent to at least one end vertices, then 
Vddl C^) — P — ™- Where m is the number of end vertices in T. 

Proof: Let T be a tree. If diam(T') > 3 and 5 = {i? lr i? 2 , ■■■ ,i? m } be the set of all end vertices of T with 
\S\ = i?iand ci(l?;) = 1,1 < i < m. Let = {e^e^, ... r S ; } be the edge set of T, Now by the definition line graph 
£(G), £(G) = F[t(G)], Suppose f = [u lr U 2r ... ,tt k ] be the set of all end vertices in £(G), then J U H = D d 
where H £ E, forms a double dominating set of £(G} such that |jV[lt] fl D d | > 2V it FfLG)] — D^. Since for any 
tree 2*, q = f» — 1, it follows that \T)^ \ > p — |5 | and hence, y ddx (C) >p — m. 

Theorem 11: For any connected (p,(?) graph C f y t (C') < y ddl (C'). 

Proof: Let 1? G ^(G) and deg(l?) = S{C"). Since efiGtm(G) = 2, then by Theorem A the dominating set 
£",101 < £(G) + 1- Therefore, ftt^C) < ^(G^ + 1. Suppose for any connected graph with dttt-m(G) > 2, again 
by Theorem A f \D\ > tf(G) + 1. Hence y t (G) > 5(G) — i. Now let D d be a double dominating set of £(G) such 
that |Af[xi]n£? d |>2VltG V[L(G'}] - D d . Again by Theorem A, \D d \ > 5[t(G}] + 2. Clearly it follows that 
Y* dl (G) > <5[L(G}~\ + 2. Hence r,W < Y dai {G). 

Theorem 12: For any connected (p, q) graph G,-}^ (G) < y ddl (G'). 

Proof: Let 5 be a maximum independent set of vertices in G. Then there exists a set subset of S such that 
has at least two vertices and every vertex in 5^ is adjacent to some vertex in V — 5^, Hence V — 5^ is a split dominating 
set of G . Therefore | V ~ S^l ^= Hence y 3 (G|) < Now let D d be a double dominating set in L (C^J such 
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that | N [it] fi D ti \ > 2Vl( G V[l(Gj\ — D ti . Since E(G) = V[l{Cj\. and let S 1 be a maximum independent set 
of L(G). Then every vertex in 5^is adjacent to some vertex in 7[L(G^] — D d f such that 

\N[V] ftS 1 ] > 1 V V E 7[L(G)]. Clearly, |JV[l?] fl 5*| < | JV|>] fl D d | it follows that ft, [1(G)] < y iin (G). 
Hence f 3 [ff) <y rfd! (G), 

Theorem 13 : For any connected (p, q) graph f c (G) ^ y dci; (G) . 

Proof: Let 1? be a vertex of maximum degree A (G). Then 1? is adjacent to jV(p) vertices such that 
A(G) = N (p). Hence 7 — W(p) is a dominating set. Let D be a connected dominating set of G such 
thatD < V — A(G). Therefore |D| < |7 - N(v) |. Hence y c (G) < p - A(G). Now, let D d be a double 
dominating set of L (G) such that | N [<&] fl D d \ > 2 V U £ 7 [L (G )] - D d . Also 
£> s > V- A[L(G}].Therefore|D d | > |7 - A(G}|, itfoUows that ^(G) >P~ A[£(G)]. 
Hencer c (<?)<rddi (G> 

Theorem 14: For any connected (p, (?) graph G ,y ss (G) y^fC). 

Proof: Let 5 be a maximum independent set of vertices in G. Then 7 — 5 is a strong split dominating set of G. 
Since 5 is maximum , V — S is minimum. Thus y 3S {Gj = H(j(G), Now let be a double dominating set in £(G), 
Since £(G) = 7[t(C)]. Let be a maximum independent set of £(G). Then 7[£(G)] — S^is minimum and 
\V[L(C)]-S £ \ < | D d |. Clearly it follows that ffjL(G)] < y dd{ (G). Hence y„ (<?) < 7**00. 

Theorem 15: For any connected (p, (?) graph y ns (C) < y ddl (C') . 

Proof : By Theorem [C], a non-split dominating set D of G is minimal if and only if for each vertex 
U G V — D such that N(u) fl D = {-p}. Therefore \N(u) fl D\ = 1. Now let B d be a double dominating set of 
L(C ) such that | /V [tt] fl D d \ > 2Vll£ 7 [tec}] - D From the above, if for each vertex p G D d then there 
exists a vertex zt G 7 — D^suchthat JV(u) fl = £ -p^-p-Jfor i ^'and 
1 < ij < IX Therefore | A? (it) nD ti \ = 2. It is clear that \N(u) CiD\ < \N(u) fi Hence 

i^Ce) <r d£fi (G). 

Theorem 16: For any connected (p,(?) graph G,}'(G) ^ I'd*; (G). 

Proof: Let E = £e lr e 2 , s n } be the set of edges of G . Let D = {v 1 ,v 2 r^] be any minimal 
dominating set of G such that for every vertex P G 7(G) — D such that |;V[p] fl £?| > l.Now by definition of 
£(G), 7[£ (G)] = ^(G), let £? d = {tt lr lt 2 , ...,!£;}, 1 < £ < it, in £(G), forms the double dominating set of 
£(GX such that |/V[tt] fl£? d | > 2 V tt G 7 [L(G>] - £> d . It follows that |D| < iD^land 
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hence y(G') < y ddi (_ G ')' 

Theorem 17: For any connected (p,q) graph G r j " d '°^ l '' G ^j < y ddi (jG"), 

Proof: By Theorem [E~\ and Theorem [16] the result follows. 
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